











































































































MATH2050C Lecture on 311312020

Announcement PS 6 duetoday PS7 posted
CommonMistake in PS5

ancient anti EI t't t iwrongConvergent
wedonot
knowthelimitsexist

Xu bddRecall xn convergent

xn monotone

Q what can we say without monotonicity

Bolzano Weierstrass Thm xn bdd 7 subseq Xnk convergent

Remark There could be two subseq's Xna Xue converging to different

limits xn divergent

Proof constructive proof

Claim 7 monotone subseq Xue of Xn byMCT Xm convergent

i e either Xn E Xu E Xn E

or Xu 3 Xnz3 Xn z

Pfof Claim we can visualize thegraphof a seq X xn N R
peak

B xppeak
n Defa we say that the P term Xp
Xz of Xn is a peak if

i xi i
x not Xn E Xp V k ZP

peakoi s N
i 23 451 6 7

Given a seq Xu there are 2 possible scenarios

Scenario 1 I infinitely many peaks














































































































Xn xn In 3 Xnz31h33 ni decreasingx x
x t Tans subseqx x xn xn

peak peak

x peaks
Scenario 2 7 finitelymany could be none peaks

K nomorepeaks 7 KEN St Xu is NII a peak V n K
n x i

Take Xu Xk a Xp is Not apeaki xnson
i
i x I na s n s t Xn Xn
24 xn Similarly Xu is NIT a peak

X peaks z nz n s.tt h33Xnz

So Xn C X n C Xu c increasing s bag
D

Remark BwT relates to the compactness of a closed bdd interval in IR

Also try toprove using nested interval properly
CEx

Thm Let Xn be a bold self convergent

Xn converges to 2C 4 7 V subseq Xna converges to thesame x

Proof DONE

Proveby contradiction Suppose Xn doesNOT converge to K

7 Eo o and a subseq Xm h of Xn ns.t

Xue X z E V KE IN

Now since Xue is bold C XnInbdd
k

by BW T 7 a further subseq Xnke e convergent

Using Xn e is still a subseq of xn h

lim Xnke X T contradictoryl a

BUT C I Xue X 13 Eo Vl C IN
a














































































































Cauchy Criteria 3.5 in textbook

Q when is xn convergent without knowing its limit

Sufficient condition monotone bold convergent
ummm

Note false e.g xn o

Necessary Sufficient Condition Cauchy convergent

Def'd A seq xn is Cauchy

if HE o I H H E C IN s 1

1 Xn XmI CE t nom 3 H

Remark There is no possible limit needed in the definition

Example 1 Xn ht is Cauchy

2
Pt Let E o Choose H C IN s t H E

Then V n m 3 H we have

Int mh I e th tm E IT 1 IT E
b

Example 2 Xn It C13 is NOI Cauchy

Pf Xn is NIT 7 Eo o st V H c IN 7 m n 3 It with

Cauchy Xm Xn I 3 Eo

Noi Xu 0 2 O 2 O Z o 2
m is odd

Take Eo 1 20 For any H C IN fixed 7 Min 3 H sit n is even

but IXin Xu I I o Z I 2 3 I Eo
o
































































































1hm Xn convergent 2 7 xn Cauchy

poof Easier

Assume Xn is convergent say him xn X

BydefI of limit t E so I k c IN s1 IXu X I CE F n K

C
claim xn is Cauchy keek

V n KPI Let E 20 By C 7 K C IN St IXu k l C Elz

Take It K c IN Then V Min 3 H

I Xm Xn I E IXm Xlt Xn X I e Elz E
b

atmost E apart
l

x X km
X x x xxx 2 IR

Elz
Moredifficult I

Assume Xn is Cauchy ooo

Step 1 xn is bold
close n.mn I

II a.iefyiii

IXu Xm 1 C 1 Eo U him H

In particular fix in H then

I Xu Xi I e I U n 3 It

Nnl c 1 1 1 1 t n H

Then IXn I E M Max IX l IXH I It lXHI UhC IN

So Xn is bold



Step2 Xn is convergent

Since Xn is bold by step 1 by BWT
7 Subseq Xm x for some X C IR

want to show LimCXn X

Xu Kuk X
X X x xx xx xxx xxxxx xx xxx B

CFXn
nlarge

Let E 20 ByCauchy I H H Elz so sit

1 IXin Xu l e 42 V h.ms H

since Xue K by defI of limit I k e IN Sf

2 I Xu x I Elz tf k K

Fix k 3 K and MhZ H Ex why

Then V n 3 H

IXu XI E lXu Xun I l Xu X c 42 92 E

42 Elz
by 1 taking by z

in _nk D


